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Lesson 2
Horizontal Asymptotes of
Rational Functions
and Behaviour (at VA and end)

CALL MEVERTICAL

Recall ASYMPTOTE

™
CAUSE YOU CANT YOU
TOUCHTHIS _
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When sketching rational functions you must

check the bethaviour at the vertical asymptote!!

for this example:
on the left side of the VA the graph goes on to -

on the right side of the VA the graph goes on to +o
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The Graph of f(x)= 1, look like this

Behaviour?

choose two points
that are close to the
VA on either side of

x>

the VA (you could
say we are
the vertical asymptote is at x=0 straddling the VA)
because the denominator cannot
be 0. As the graph approached ) it V
gets closer and closer but will X=%
never cross. the dotted lin€ is an imaginary
How do we know 1Ehe directionit  line that the graph cannot cross 1 .0.1]0.1
goes as it approaches 0? This is 2 PR E—
where we must look at the X + +
behaviour at the VA + T
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_ X) = 2(x+6)
Lets look at SX) % factor ) x-3

Determine
X-1Nt (zero of numerator) = -6

y-int (let x=0 and solve for y) — '4 all thls tO get
the graph

VA (undefines values of x, aka zeros of denominator) X:3

Now check out the ; 1
behaviour at the VA
x=3
o
Sfx) =2(x+6 +5++

x-3

_|_

. \_/ - 98765432 1,112 4 567891
look for the sign (+ or -) of each = B .

factor that way you ae dealing
with only signs.

*the rest of the
graph comes
soon
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Lets look at  f(x) = x*-8x+12 , f(x) = (x-2)(x-6)
<9 factor (x-3)(x+3)

Determine
x-int:2, 6 )
y-int : -12/9 all this to get

VA: x=-3,x=3 the graph

Now check out the
behaviour at the VA's

Ax) = (x-2)(x-6)
x= -3 (x—3)(x+3;(: 3

31,29 in%l
—_|_ -+++ 9 87 6 5 4

+00| -00 +0o0 | -00
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*the rest of the
graph comes
soon
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fx) = x0)(x4)  fx)=x*+2x-24
(x+2)(x-2) x4

X -int: -6 and 4
y-int: 6 | I
VA: x=2,x=-2
HA: y=1

Ax) = (x+6)(x-4)
(x+2)(x-2)
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- () ey ;T 1

@+Z)(x—2> e

-Int ~band
(3{;@51’3”)&"’73
,/r.)/t: @
Lef x=0) .
VA X2,
(}ﬁmssofm/y\) l 1
X=-2 x=2
behaviour at VA B 12|
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Horizontal Asymptotes

o 3 Y Lok W X a@ruachs
o0 x% 41 0

this means what happens to the function f{x)=_3x> asx

2
approaches infinity (as x gets infinitely large) * “ 2. 5)6,3\
X 10 100 1,000 | 10,000 | 100,000 11-,/}

2
)| a7 9m1 3 | 3 | 3 S(XQ*D:BY;

sub x values into the function, let x get very -
large....function approaches 3 ]
Thus: ) F -
. 3xT _ . : «
llm _3 this means 654321123456
X—>00 x2 +1 there is a 2
horizontal E
asymptote at
y=3
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lim—>— « Ifris a positive rational
o x4+ 1 ;
1 number and cis a
lim "2 number then
X—>00 +
P X hm g}, = () (this is because a constant divided by a

lim 3 >0 X very large number is 0
ARG ;lz using this idea we can divide

both numerator and
denominator by the highest
1+0 power of x, that is x> THat does
not change teh value of teh
=3 expression
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because a constant divided by a very
large number is 0

thus there is a
X.. line at y=5 that
the function
/ | approaches as
HEN x approaches
2345 6" 400 or -oo

o e eda
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divide numerator and
denominator by the highest
power of x (that is x)

B> 6334:}

y’b@ eV

12



Example 1
divide by x°

. 5x3-6x+7
lim o e

Example 2

divide by x°

. 2x-6x7
lim ————
Y=0 4x4-2x-2

;sxj_ 6x2
lim _ X Xx

undefined
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There is a shortcut for rational
functions, (so you do not have to
divide by the highest power each
time)

-choose the highest power of x:
-use the coefficients of the
highest power. ( just make sure
each polynomial is expanded)

highest power 3 5)C3—6X+7

lim
Example 1 s 12—2X—7x3

3
-7
highest power 5
2
Example 2 ;. 2°-6x" = 2 ypdefined

Xpo04X"-2X-2

13



Lesson 2 Precalc 12B Rational Funct Horizontal Asymptotes and BehaviolNavetebeok6, 2018

Shortcuts: for determining limits of infinity for rational 7(:&)

functions!!!! using the coefficients of the highest power. @)
« 1. If the numerator’s exponent is greater than the %
denominator then the limit is infinity or negative infinity
o 2. If the numerator's exponent is less than the
denominator then the limit is zero
« 3. If the numerator’s exponent is equal to the
denominator then the limit is the ratio of coefficients

Examples
i . 3x%+7
l'gl;x2+1 b 3 }HE ©+1 ~ O
O -
/)
2 3 i ' :
. Sx"+ox
lim Zj D i (8x+72(5x+2)
o Axt o+l N |
undefined
expand: 40x2+51x+14
6x°+1
- Lf%
L

Py //))

14
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« 1. If the numerator’s exponent is greater than the
denominator then the limit is infinity or negative infinity

€X:

2845 0 ex: lim20+D@2n+l) expand before finding

. — e 6n® .

Im=—— 7 =% e ! the highest power
does not exist 8 10 4 4n

X —> 0 =lim———— -one

n—>% nz

0
« 2. If the numerator’'s exponent is less than the
denominator then the limit is zero

X 2x+5 _ 0 . 9" =3x+11 =0 =
3x7+1 3 —e oy — 2y =7 1
X —>w

« 3. If the numerator’s exponent is equal to the
denominator then the limit is the ratio of coefficients

ex: 2! -2 ex: . 12x"=5x’+0x*-1 =12 =6
S M Te-or 2
X —> 0

15
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Horizontal Asymptotes for Rational functions are the limits of infinity

Determine the horizontal asymptotes of the functions e

12x—-60
a. f. f)=3
‘/ —T7x—-60
3x% +14x+5
. X)=———
b o f()=T—
2 > —5x% +2x+8
f(r)_Sx‘—le—?.i‘rO h flx)=" Y ore
“ T T s 3x% —8lx
vt -7 — 3042 i N e S
d flx)=—F7p—"— i flo)= “_16
2x“+3x-2 '
3
10x~ —80
e. flx)= 2
X +8

16



Lesson 2 Precalc 12B Rational Funct Horizontal Asymptotes and BehaviolNavetebeok6, 2018

Horizontal Asymptotes for Rational functions are the limits of infinity

Determine the horizontal asymptotes of the functions

2 12x— 60
a. f(.r)zw f- f()_x —7x—60
16xg =94 0
HA: y=F =3 HA: y=7 =
) 3x +14x+5
b, =2 248 ¢ f0)=T 5
X +4x-5 _3 _
HA: y=1 =1 HA:y= =3
2 _ X —5x2+2x+8
L 5x%—10x—240 h flx)=2
HA: y_i H y 3
423 3042 ] 3xt 2% -1
d f(-‘/}:t;t—x i flx )_ “_16
2x°+3x-2 HA 3 3
HA: y =1 =undefined YT T
no HA
3
5 ﬂx):w.xz 80
x~ +8

HA: y=1=10

BT SE  SIAMCS 1)
a) Sl )Eﬁfﬁ W (4 ) )

X-int: '3/7)3/
B-Imt ’cl/q‘vl
VA Xy —5/¢/
Hhk \a\ %/Ib /;L

17
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HA, VA, Intercepts.doc

18
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Determine the intercepts, horizontal and vertical asymptotes

it - 4,3/

o o869 L3 e B) ot 5
BT I (VN TN

-2x-48 | fi) (DU
. F()=25 o

x +4x-5 /9&—‘\6 6(4, )(\( />
. I_ﬁxr_mx—zm £00)- 5
SRR

d. fr’;r:j:f_?xa_mx FIx)- Y( -[OYxe3)

2x* +3x-2 (A x -1 x+3)
10X 80 £0)s o(x- A
. Jflx)=
e. fix) P (3( #9\)()(‘\3)(1»91)
_ =60 FR)= 1A0¢5)
A e O 13)(+5)
o fo XS 30 qnok

REEEN Counnot{ GCIW

19
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A graph will NEVER cross a
vertical asymptote because the

x value is “illegal” (would make
the denominator 0)

A graph may cross a horizontal
asymptote near the middle of
the graph but will approach it
when you move to the far right
or left

20
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1

X

Does the function f(x): 1 have an x intercept? ()

There is NOT a value that you can plug in for x that
would make the function =0. The graph approaches
but never crosses the horizontal line y =0. ThIS is
called a horizontal asymptote. o

3

A graph will NEVER cross a ’2
vertical asymptote because the
x value is “illegal” (would make
the denominator 0)

A graph may cross a horizontal
asymptote near the middle of I
the graph but will approach it

when you move to the far right

or left

21



Lesson 2 Precalc 12B Rational Funct Horizontal Asymptotes and BehaviolNavetebeok6, 2018

@AP: Graphing Rational Functions!!!! \

| all of this
1. x-intercepts: zeros of the numerator .
y-intercepts: let x=0 and solve fory Wlll help
2. VA: zeros of the denominator gl’aph the
HA- (limits of infinity)divide expanded forms by the .
highest power ratlonal

thaviour at the vertical asymptotes / functlon

graph will NEVER cross a VA but may cross a HA
Note: you can check to see if a function
crosses a horizontal asymptote by making
the y value equal to the HA and solving

22
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f(x) = x2-11x+18 f(x) = (x-9)(x-2)

factor if possible

2X°-9x+7 Cx-D(x-T)
X'fntf 198?7nd 2 To Graph
y-int: 1) Place intercepts,
VA: x=7/2, x=1 VA and HA with
HA: y=1/2 dashed lines
. (x-9)(x-2)
Behaviour (5, 7yx-1)
x=1 x=3.5
0-_I_9 LI 34136
S +‘ -+ 2) Place arrows to
0 "m0 4o 4:;; show behaviour

This is an example where the
graph crosses the horizontal
asymptote: if you want to find
the exact point at which it crosses

set: f(x) =HA
2X>-Ox+7 2

3) Sketch
2(x*-11x+18) = 2x*-9x+7
HC-22x436 = 2-9x+7
-22x-9x =7-36
-31x=-29
x =-29/-31
(29/31, 1.2)

=0.94

T L)

................

*%FP&}F}%L 2314567891

=
g g s s e .y 3

W B

9876543211 123145678091

Computer
generated

|

9876543211 1 (S 4567

89

23



Lesson 2 Precalc 12B Rational Funct Horizontal Asymptotes and BehaviolNavetebeok6, 2018

af ,
sketch: y = x8x50 j 4 X s 2= §x=50

55 2 (5006 -r(x-s)(wﬁ)
ﬂ[ )2, / K ) :
X-int : q<
y-int; 5= "
VA: v= 5, X=~ S 2
HA: % _ _’/ Wﬂ ..L...2...3....4...fg...ﬁ....z...s...ﬁ..l,....I.l....!.’.... >
Behav: E E
-5.1|-4.9 49|51
+ |+ -1 -
+ - | FF ==
~00 4+ o0 -00 ' 400
X= - X=95

24
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f(x) = (2x-3)(x+4) | H0) (DI )2
(x+2)(x-3) é% b

- e —

o= | - | - =~

P
b g g

L e
/

LT
“ 4

25
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y = (2x-1)(x+3) -
(X+6)2 ) 3

x-int : '/Z ,5 -3
y- int /’);(0/\,‘008

VA X=-b

- det19x-3
CHAH3D

\ i

e

26
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) = 245312, Qe =3ty D ><7‘02
X2-X-2 - (=X )a/) | it = b70

Reint: 75 and” 1
\‘j—l"'ﬁ’ b

V. @& D
HA 5//%%@

Behavpp A%
d\(i(\wr Fx)7 ;\2)@(; /))

2 3 4 5 6 7 8 91

27
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sketch: y = x2-8x-50

25-4%?
xmt ytfapqd - 11
RF — <y,

‘:“IVH" -
VA Xvé>/é

@#x%)
<6ax)(5+ )

i

HA - /.Ll o

Beh:
4|2y RS
% - Ayt )'0:
&= -

28



Lesson 2 Precalc 12B Rational Funct Horizontal Asymptotes and BehaviolNavetebeok6, 2018

29
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fix)=  3x
x*-2x-8

x-int: 0

y-int: 0

VA: x=4 , x=-2

HA: y=0/3 =0
3
Behaviour ()T)((XH)

x=-2
9

x=4
7-1_'_1 3.914.1
- - F'_ +
-+ -
rey  THA

=00
-0 +w

factor if possible

f(x) =

X_

3x
X+

345678091

30
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Sketch y=2x2+5x-3

X2+2x-8 @

31
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y=2x?+5x-3 , f®=

X2+2x-8
x-int: 1/2, -3
y-int: 3/8
VA:x=-4,x=2
HA: y=2
(2x-1)(x+3)
Behaviour (T(x2)

x= -4 x=2

4030 912.1

--+_ _++
_oo‘Jroo

(2x-1)(x+3)
X+

234567891

32
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Sketch:  y = 4x2%-3x-10

x2+x-2 @

33
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Sketch:  y = 4x%-3x-10 - = w_ ‘/*6YX _ 3_)
X>+x-2 Lék (”l 2 )X~/ )

k%52 —////f?>}
tﬁ“m%f5 e

I—I—l—l—l—l—l—l—:l—

Na y=4 SEEAEEE T3

34
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35
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x-int: -3

y-int: 3/4

Vertical Asymptote x = -4 - :
Hortizontal Asymptote y = 1 S [3 +—

x=-4
-4.1,-3.9

T

+00] -00 1

L O

36
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y = Sket¢h
-3)+9
(})1(= )5X2-9X-1 8 @

X>-6X+9

37
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y = 5x%-9x-18 y = (5x16)(x-3)
X HOX 19 3y j:l
x-int: -6/5 , 3 :
y-int: -2
VA: x=-3
HA:y=5
Behaviot (5X+6)(X'3)
(x+3)°

3.1-29
+ "+'

+oo  +oo

38



Attachments

Q HA VA, Intercepts.doc
Q  graph sheet 1.doc



1. Determine the intercepts, horizontal and vertical asymptotes 

a. 
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[image: image1.png]2. Sketch the graph of each function. Identify asymptotes, as well as
any zeros.

X2+ 10x +25

AN e A N xX2=dx+4
()= s b)) = T2
Ny — 2x2=16x +32 V2 EAY=T6
© ftx) = X2-x-2 (/) = x2+10x + 25

@) fix) = 3x2+8x—-12

X2+ 20 +1

(9 f(XF% (h) f(x) = x25x-36

x2-2x-4




[image: image2.png][image: image3.png]Find x and v —intercepts as well
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